In this paper we discuss the structure of Orlicz spaces and weak Orlicz spaces on R n . We obtain some necessary and sufficient conditions for the inclusion property of these spaces. One of the keys is to compute the norm of the characteristic functions of the balls in R n .
(see [7, 9] ). Note that, if Φ(t) := t p for some p ≥ 1 and X := R n , then L Φ (X) = L p (R n ), the Lebesgue space of p-th integrable functions on R n [10] . Thus, Orlicz spaces can be viewed as a generalization of Lebesgue spaces.
Many authors have been culminating important observations about Orlicz spaces (see [6, 7, 9, 10, 15, 16, 17] , etc.) Here we are interested in the inclusion property of these spaces. In [17] , R. Welland proved the following inclusion property: Let X be of finite measure, and Φ, Ψ be two Young functions. If there is C > 0 such that Φ(t) ≤ Ψ(Ct) for every t > 0, then L Φ (X) ⊆ L Ψ (X). Accordingly, if X is of finite measure, Φ, Ψ are two Young functions, and there is C > 0 such that Ψ( t C ) ≤ Φ(t) ≤ Ψ(Ct) for every t > 0, then we have L Φ (X) = L Ψ (X). A refinement of this result may be found in [6] , which states that L Φ (X) ⊆ L Ψ (X) if only if there are C > 0 and T > 0 such that Φ(t) ≤ Ψ(Ct) for every t ≥ T . Related results can be found in [1, 11, 15] . Motivated by these results, the purpose of this study is to get the inclusion property of Orlicz spaces L Φ (R n ) and extend the results to weak Orlicz spaces wL Φ (R n ) (see [2, 8] ). (Here X := R n has an infinite measure.)
The rest of this paper is organized as follows. The main results are presented in Sections 2 and 3. In Section 2, we state the inclusion property of Orlicz spaces L Φ (R n ) as Theorem 2.5, which contains a necessary and sufficient condition for the inclusion property to hold. An analogous result for the weak Orlicz spaces wL Φ (R n ) is stated as Theorem 3.3.
To prove the results, we pay attention to the characteristic functions of balls in R n and use the inverse function of Φ, namely Φ −1 (s) := inf{r ≥ 0 : Φ(r) > s}. The reader will find the following lemma useful. Lemma 1.1 Suppose that Φ is a Young function and Φ −1 (s) = inf{r ≥ 0 : Φ(r) > s}. We have
Proof.
The proof of parts (1)- (3) can be found in [12] . Now we will prove (4) and (5).
Take an arbitrary C > 0 such that
Hence it follows that r ∈ B 1 , and so we conclude that A 1 ⊆ B 1 . Accordingly, we obtain
2 (t), for C > 0 and every t ≥ 0. Observe that, by Lemma 1.1 (3) we have
As a result, we have
Observe that, for r ∈ A 2 we have CΦ 2 (t) ≥ Φ 1 (r) > Ct. Hence it follows that r ∈ B 2 , and so we conclude that A 2 ⊆ B 2 . Accordingly, we obtain Φ −1
2 (t), for C > 0 and every t ≥ 0. Observe that, by by Lemma 1.1 (3) we have
More lemmas (and their proofs) will be presented in the next sections.
Inclusion property of Orlicz spaces
Let us first recall several Lemmas in the following.
Lemma 2.1 Let Φ be a Young function, then Φ(αt) ≤ αΦ(t) for t > 0 and 0 ≤ α ≤ 1.
As we shall see below, the converse of this statement also holds. We need the following lemma. 
, where |B(a, r)| denotes the volume of B(a, r). Theorem 2.5 Let Φ, Ψ be Young functions. Then the following statements are equivalent:
Proof. We have seen that (1) implies (2) 
for every a ∈ R n , r > 0. By Lemma 1.1(4), we obtain Φ(
Since r > 0 is arbitrary, we conclude that Φ(t) ≤ Ψ(Ct) for every t > 0.
A special case
One may ask whether from inclusion relations between Orlicz spaces, we may deduce some known fact of those in Lebesgue spaces. The answer is affirmative; we need the following lemma for the purpose.
Lemma 2.6 Let Φ 1 , Φ 2 , and Φ 3 be Young functions such that Φ −1
Proof. Let s,t ≥ 0. Without loss of generality, suppose that Φ 1 (s) ≤ Φ 2 (t). By Lemma 1.1(3), we obtain
On the other hand, by Lemma 2.2 we obtain
Corollary 2.7 Let X := B(a, r 0 ) ⊂ R n for some a ∈ R n and r 0 > 0. If Φ 1 , Φ 2 are two Young functions and there is a Young function Φ such that
Proof. Let f ∈ L Φ 1 (X). By Lemma 2.4 and choosing g := χ B(a,r 0 ) , we obtain
This shows that
Corollary 2.8 Let X := B(a, r 0 ) for some a ∈ R n and r 0 > 0. 
Moreover, Φ −1
2 (t), and so it follows from Corollary 2.7 that
Remark. Of course we can prove the inclusion of property of Lebesgue spaces on a finite measure space directly via Hölder's inequality. What we showed here is that we can obtain the result through the lens of Orlicz spaces.
Inclusion property of Weak Orlicz spaces
First, we recall the definition of weak Orlicz spaces [13] . Let Φ be a Young function. We define the weak Orlicz spaces wL Φ (R n ) to be the set of measurable functions f : R n → R such that f wL Φ (R n ) < ∞, where
Remark. As the strong and weak Orlicz spaces contain the strong and weak Lebesgue spaces respectively, the inclusion in the above theorem is proper. See [3] for a counterexample.
In addition to Lemma 2.4, we have the following lemma for the characteristic functions of balls in weak Orlicz spaces.
Lemma 3.2 [8] Let Φ be a Young function, a ∈ R n , and r > 0 be arbitrary. Then we have
Now we come to the inclusion property of weak Orlicz spaces. (1) Φ(t) ≤ Ψ(Ct) for every t > 0.
Proof. Assume that (1) holds, and let f ∈ wL Ψ (R n ). Put
and
Observe that, for arbitrary b ∈ A Ψ,w and t > 0, we have
Thus, sup
Hence it follows that b ∈ A Φ,w , and so we conclude that A Ψ,w ⊆ A Φ,w . Accordingly, we obtain
which also proves that wL Ψ (R n ) ⊂ wL Φ (R n ).
As mentioned in [10, Appendix G], we are aware that [5, Lemma 3.3] still holds for quasi-Banach spaces, and so (2) and (3) are equivalent.
Assume now that (3) holds. By Lemma 3.2, we have
1 |B(a,r 0 )| ), for arbitrary a ∈ R n and r 0 > 0. By Lemma 1.1, we have
Since a ∈ R n and r 0 > 0 are arbitrary, we conclude that Φ(t) ≤ Ψ(Ct) for every t > 0.
Concluding remarks
We have shown the inclusion property of (strong) Orlicz spaces and of weak Orlicz spaces. Both use the norm of the characteristic functions of the balls in R n . As our final conclusion, we have the following corollary which states that the inclusion property of (strong) Orlicz spaces are equivalent to that of weak Orlicz spaces, and both can be observed just by comparing the associated Young functions.
As a corollary of Theorem 2.5 and Theorem 3.3 we have that if Φ, Ψ are two Young functions, then the following statements are equivalent:
(1) Φ(t) ≤ Ψ(Ct) for every t > 0.
(4) wL Ψ (R n ) ⊆ wL Φ (R n ).
(5) For every f ∈ wL Ψ (R n ), we have f wL Φ (R n ) ≤ f wL Ψ (R n ) .
